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Introduction
Longitudinal Data Designs
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What leads to disease: Time-varying 
covariates & long-term outcome
• Blood pressure profiles with a 

cardiovascular disease outcome
• Cognitive performance profiles and the 

risk of dementia and Parkinson
• Social economic status patterns and 

long-term health status (e.g., quality of 
life, healthcare utilization)

• Modeling Question: How do we 
connect time-dynamic risk factors 
with disease or health outcomes?

How does disease progress: Baseline 
covariates with a time-varying outcome
• Progression of Dupuytren disease (total 

passive extension deficit) and its relation 
to (early-life) risk factors

• Number of psychological episodes and 
treatment modalities 

• Recurrent respiratory papillomatosis and 
the type of virus

• Modeling Question: What is causing or 
predicting worse disease patterns or 
profiles?



Individual Baseline variables Time-varying variable End point
𝑡0 𝑡0 𝑡1 ………….. 𝑡𝑚

1 𝑋11 𝑋12 …….  𝑋1𝑝 𝑌10 𝑌11………….. 𝑌1𝑚 𝐷1/𝑇1

2 𝑋21 𝑋22 …….  𝑋2𝑝 𝑌20 𝑌21………….. 𝑌2𝑚 𝐷2/𝑇2

𝑛 𝑋𝑛1 𝑋𝑛2 …….  𝑋𝑛𝑝 𝑌𝑛0 𝑌𝑛1………….. 𝑌𝑛𝑚 𝐷𝑛/𝑇𝑛

• Complexities in Modeling:
• 𝑌𝑖𝑡 is considered a disease response and it is non-normally distributed (e.g., binary)
• 𝑌𝑖𝑡 is high-frequent (e.g., wearables) and is meant as input for the end point
• 𝑌𝑖𝑡 is multivariate distributed (diastolic and systolic blood pressure)
• Sparsity: many baseline covariates (e.g., genetics, metabolites, proteomics)
• Missing data issues, in particular when missingness is not at random

Introduction
Longitudinal Data Designs
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How does disease progress?
What leads to disease event?



Individual Time-varying covariates Time-varying response Repeated end points
𝑡0 𝑡1 …….  𝑡𝑚 𝑡0 𝑡1 ………….. 𝑡𝑚

1 𝑋10 𝑋11 …….  𝑋1𝑚 𝑌10 𝑌11………….. 𝑌1𝑚 𝑇11, 𝑇12, ….., 𝑇1𝑟1

2 𝑋20 𝑋21 …….  𝑋2𝑚 𝑌20 𝑌21………….. 𝑌2𝑚 𝑇21, 𝑇22, ….., 𝑇2𝑟2

𝑛 𝑋𝑛0 𝑋𝑛1 …….  𝑋𝑛𝑚 𝑌𝑛0 𝑌𝑛1………….. 𝑌𝑛𝑚 𝑇𝑛1, 𝑇𝑛2, ….., 𝑇𝑛𝑟𝑛

• Example: BMI patterns with blood pressure profiles and repeated CVD events
• Complexities in Modeling:
• Time to events (𝑇𝑖𝑟) is repeated in combinations with dynamic variables
• Covariates (𝑋𝑖𝑡) and/or Response (𝑌𝑖𝑡) is multi-dimensional
• Missing data issues, in particular when missingness is not at random

Introduction
Longitudinal Data Designs
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How do risk factors and disease status interact?

How do risk factors and disease events interact?



Introduction
Longitudinal Trajectories
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Definition: Study the change in some 
measures over time (i.e. using time 
profiles), possibly in interaction with 
other measures
• Each individual has its own 

trajectory (individual-specific)
• Research questions:
• Group and quantify differences in the 

individual trajectories
• At what time point do we see a change 

(change-point analysis)? 
• What factors drive the differences?



Critical and sensitive period:
• Identify the timing in which  the 

health outcome changes:
• Turning points 
• Sudden shifts
• Progression
• Regression

• Identify events or risk factors that 
relate to profile characteristics

• Identify subgroups of participants 
with similar trajectories

Introduction
Longitudinal Trajectories
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Accumulation of risk: (continuous dose response model)
• Area under the curve (Example: smoking/alcohol)

Introduction
Longitudinal Trajectories
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Introduction
Longitudinal Pathways
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Definition: study the effect of time-ordered factors or variable patterns
• Analysis is at a population level (marginal modeling)
• Research questions:
• What paths lead to disease?
• What factors moderate and mediate the risk of disease?
• Is there an accumulation of risk?



Accumulation of risk:
• Chain of risk model
• Risk factors trigger each other
• Factors may affect disease as well

• Dose response model
• Risk factors add up
• Risk factors act typically independently

• Clustered risk model
• Risk factors add up
• Risk factors typically occur in a cluster 

simultaneously

Introduction
Longitudinal Pathways
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Setting for illustration:
• Single outcome (𝑌): continuous
• Type of outcome can be binary and time 

to event as well

• Time-varying covariates (𝑆1, 𝑆2, 𝑆3)
• Different concepts of pathways can be 

formulated with this approach
• Example in Mishra et al., 2009
• 𝑌: BMI at age 53 years
• 𝑆1 ∈ {0,1}: SES at 4 years old
• 𝑆2 ∈ {0,1}: SES at 26 years old
• 𝑆3 ∈ {0,1}: SES at 43 years old

Pathway Analyses
Structured Analysis
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Saturated regression model:
• Statistical model

𝔼 𝑌 = 𝛽0 + 𝛽1𝑆1 + 𝛽2𝑆2 + 𝛽3𝑆3

+𝛽12𝑆1𝑆2 + 𝛽13𝑆1𝑆3 + 𝛽23𝑆2𝑆3

+𝛽123𝑆1𝑆2𝑆3

• 𝔼 represents the expected outcome for 
individuals (population averaged)

• Model represents the full pathway:
• Each social class has an effect
• It is moderated with other levels of social 

class at different time points
• The term 𝑆1𝑆2𝑆3 is the most difficult one 

to interpret
1 Mishra G, Nitsch D, Black S, De Stavola B, Kuh D, Hardy R. A structured approach to modelling the effects of binary exposure variables 
over the life course. International journal of epidemiology. 2009; 38(2):528-37.



Interpretation of coefficients 𝜷:
• Accumulation of risk: (dose response)

𝔼 𝑌 = 𝛽0 + 𝛾𝐴𝐶(𝑆1 + 𝑆2 + 𝑆3)
• Parameter restrictions saturated model:
• 𝛽1 = 𝛽2 = 𝛽2 = 𝛾𝐴𝐶

• 𝛽12 = 𝛽13 = 𝛽23 = 𝛽123 = 0
• Only the sum of exposures contribute

• Interpretation 𝛾𝐴𝐶 < 0 means that 
higher SES reduces birthweight 

Pathway Analyses
Structured Analysis
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Interpretation of coefficients 𝜷:
• Critical Period at early life

𝔼 𝑌 = 𝛽0 + 𝛾𝐶𝑃𝑆1

• Parameter restrictions saturated model:
• 𝛽1 = 𝛾𝐴𝐶

• 𝛽2 = 𝛽3 = 𝛽12 = 𝛽13 = 𝛽23 = 𝛽123 = 0
• Only the early life factor plays a role

• Single risk factor at other time points 
can be used instead



Change in social class models:
• Adult social class changes:
• Upward: 𝑆2 < 𝑆3

• Downward: 𝑆2 > 𝑆3

𝔼 𝑌 = 𝛽0 + 𝛾𝐷 𝑆2 − 𝑆3 𝑆2

+ 𝛾𝑈 𝑆3 − 𝑆2 𝑆3

• With 𝛾𝐷 > 0, 𝛾𝑈 < 0
• Parameter restrictions saturated model:
• 𝛽2 = 𝛾𝐷, 𝛽3 = 𝛾𝑈

• 𝛽23 = −(𝛾𝐷 + 𝛾𝑈)
• 𝛽1 = 𝛽12 = 𝛽13 = 𝛽123 = 0

• Only a change in SES in adulthood 
affects BMI 

Pathway Analyses
Structured Analysis
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Change in social class models:
• Any social class changes
• Upward: 𝑆1 < 𝑆2 or 𝑆2 < 𝑆3

• Downward: 𝑆1 > 𝑆2 or 𝑆2 > 𝑆3

𝔼 𝑌 = 𝛽0 + 𝛾𝐷 𝑆1 − 𝑆2 𝑆1 + 𝛾𝐷 𝑆2 − 𝑆3 𝑆2

+ 𝛾𝑈 𝑆2 − 𝑆1 𝑆2 + 𝛾𝑈 𝑆3 − 𝑆2 𝑆3

• With 𝛾𝐷 > 0, 𝛾𝑈 < 0
• Parameter restrictions saturated model:
• 𝛽1 = 𝛾𝐷, 𝛽2 = 𝛾𝐷 + 𝛾𝑈, 𝛽3 = 𝛾𝑈

• 𝛽13 = 𝛽23 = −(𝛾𝐷 + 𝛾𝑈)
• 𝛽13 = 𝛽123 = 0

• Any a change in SES whenever this 
occurs affects BMI 



Expected values for regression models:
Combi AC CP Adult Any
(0,0,0) 0 0 0 0
(0,0,1) gAC 0 gU gU

(0,1,0) gAC 0 gD gU+gD

(0,1,1) 2gAC 0 0 gU

(1,0,0) gAC gCP 0 gD

(1,0,1) 2gAC gCP gU gU+gD

(1,1,0) 2gAC gCP gD gD

(1,1,1) 3gAC gCP 0 0
We have assumed that b0 = 0 (for convenience)
Note that gAC<0, gCP<0, gD>0, and gU<0

Pathway Analyses
Structured Analysis
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Model comparisons:
• Each model can be fitted with 

standard regression analysis
• Models can be compared with
• F-tests
• Likelihood ratios tests
• Aikaike’s information criterion

• Analysis can be performed for 
different subgroups (sex)

• In paper Mishra et al., (2009):
• Males: accumulation of risk
• Females: early life critical period  



Commonly used regression:
𝔼 𝑌 = 𝛽0 + 𝛽1𝑆1 + 𝛽2𝑆2 + 𝛽3𝑆3

• Parameter restrictions saturated model:
• 𝛽12 = 𝛽13 = 𝛽23 = 𝛽123 = 0
• Typically used to estimate the effect of 𝑆3

on outcome, corrected for past effects
• No moderation is assumed

• It can be rewritten into an early life 
effect with effects in social changes
𝔼 𝑌 = 𝛽0 + 𝛽1 + 𝛽2 + 𝛽3 𝑆1

+ 𝛽2 + 𝛽3 𝑆2 − 𝑆1

+𝛽3 𝑆3 − 𝑆2

Pathway Analyses
Structural Equation Modeling
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More complex models:
• Regression analysis on outcome, does 

not study the full picture:
• How do SES affect each other
• How do SES affect individually and 

simultaneously affect each other

• Structural Equation Modeling:



General formulation:
• Uses a set of equations:

𝔼 𝑌 = 𝑔(𝑆1, 𝑆2, 𝑆3)
𝔼 𝑆3 = ℎ3(𝑆1, 𝑆2)
𝔼 𝑆2 = ℎ2(𝑆1)

• Here we can generalize assumptions
• Outcome does not have to be continuous
• Covariates do not have to be binary

• A graphical representation is often 
provided to support equations

• Equations can sometimes be fitted 
separately from each other

Pathway Analyses
Structural Equation Modeling
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Interpretation coefficients:
• For linear regression functions:
• Direct effect of 𝑆2 on 𝑌: 𝛽2

• Indirect effect of 𝑆2 on 𝑌: 𝛼2𝛽3

• Total effect of 𝑆2 on 𝑌: 𝛽2 + 𝛼2𝛽3

• Something similar can be formulated for 𝑆1



Pathway Analyses
Structural Equation Modeling
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Long-term effects of infertility 
treatment on BP in 4 years old:
• Parental characteristics: SES, age 

of parents, degree of infertility, 
maternal BMI, ... 

• Pregnancy related: smoking during 
pregnancy, gestational age, birth 
weight, gender, ... 

• Child related at age four: height, 
weight, age, systolic and diastolic 
blood pressures, skinfold 
measurements ... 

• Treatments: COH-IVF, (MNC-) IVF



• SEM’s assume the underlying graph
• There are several algorithms that 

can identify the underlying graphs
• Metric-based discovery algorithms:

generate random models that are 
scored according to a metric (e.g., BIC), 
refined, and scored again, until no 
improvements are found

• Constraint-based algorithms: extract 
dependence and independence 
relations by use of conditional 
independence test

Pathway Analyses
Directed Acyclic Graphs
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CB: Peter-Clark (PC):
• Graph is acyclic (no loops)

• Variables are normal and effects linear

• No latent variables

CB: Fast Causal Inference (FCI)
• Similar assumptions as PC, but it allows 

for the existence of latent variables

• Can implement background information

MB: Greedy Equivalence Search (GES)
• Uses BIC and a penalty discount

• Same assumptions as PC

la Bastide-van Gemert S, Stolk RP, van den Heuvel ER, Fidler V. Causal inference algorithms can be useful in life course epidemiology. 
Journal of clinical epidemiology. 2014; 67(2):190-8.



Time-varying outcome data:
• A single outcome: 𝑦𝑖𝑗

• For individual 𝑖 (= 1,2, … , 𝑚)
• At the 𝑗th (= 1,2, … , 𝑛𝑖) time point 𝑡𝑖𝑗

• Can be numerical and categorical

• Other variables: 𝑥1𝑖, 𝑥2𝑖, …, 𝑥𝑝𝑖

• They can be time-varying, but for 
simplicity we assume they are baseline

• They can be numerical and categorical

• A marginal model tries to describe:
• Distribution of the outcomes over time
• As function of the covariates

Trajectory Analyses
Marginal Models

21



Time-varying outcome data:
• Subjects are somewhat ordered
• Larger scores at early times remain larger 

scores at later times (but not rigorously)

• There is a time trend for all subjects
• The group of individuals increase in score 

over time as a whole

• Simple analysis of variance models 
can be used to model the data
• Assumes normally distributed outcomes
• Assumes all individuals are observed at 

same time or follow-up points

Trajectory Analyses
Marginal Models
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Multivariate model:
𝑦𝑖𝑗 = 𝜇 + 𝛽𝑗 + 𝑒𝑖𝑗

• With 𝜇 the mean at first time point
• With 𝛽𝑗 the effect of time (𝛽1 = 0)

• With 𝒆𝑖 = 𝑒𝑖1, 𝑒𝑖2 … , 𝑒𝑖𝑛 a vector of 
residuals for subject 𝑖, 𝒆𝑖~𝑁 0, 𝑹

• Simple forms for 𝑹

Compound Symmetry
𝜎2 𝜌𝜎2 𝜌𝜎2

𝜌𝜎2 𝜎2 𝜌𝜎2

𝜌𝜎2 𝜌𝜎2 𝜎2

1st order Autoregressive
𝜎2 𝜌𝜎2 𝜌2𝜎2

𝜌𝜎2 𝜎2 𝜌𝜎2

𝜌2𝜎2 𝜌𝜎2 𝜎2



Compound symmetry:
• Time increase for group of individuals is

significant (𝑝 < 0.01)

• Estimated means:
 𝛽1 = −12.62 [−13.10, −12.14]
 𝛽2 = −0.70 [−1.17, −0.22]
 𝜇 = 91.20 [90.82, 91.57] Time 18 months

• Correlation between 
repeated outcomes:
COR 𝑦𝑖1, 𝑦𝑖2 = 0.1935
COR 𝑦𝑖1, 𝑦𝑖3 = 0.1935
COR 𝑦𝑖2, 𝑦𝑖3 = 0.1935

Trajectory Analyses
Marginal Models
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1st Order autoregressive:
• Time increase for group of individuals is

significant (𝑝 < 0.01)

• Estimated means:
 𝛽1 = −12.62 [−13.14, −12.11]
 𝛽2 = −0.70 [−1.16, −0.24]
 𝜇 = 91.20 [90.82, 91.57] Time 18 months

• Correlation between 
repeated outcomes:
COR 𝑦𝑖1, 𝑦𝑖2 = 0.2499
COR 𝑦𝑖1, 𝑦𝑖3 = 0.0624
COR 𝑦𝑖2, 𝑦𝑖3 = 0.2499

Trajectory Analyses
Marginal Models
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Two-way ANOVA:
• Compound symmetry can be written 

in individual-specific additive model:
𝑦𝑖𝑗 = 𝜇 + 𝛽𝑗 + 𝑎𝑖 + 𝑒𝑖𝑗

• With 𝜇 the mean at first time point
• With 𝛽𝑗 the effect of time (𝛽1 = 0)

• With 𝑎𝑖 a random effect for individual 𝑖, 
𝑎𝑖~𝑁 0, 𝜎𝑆

2 ,
• With 𝑒𝑖𝑗 a residual, 𝑒𝑖𝑗~𝑁 0, 𝜎𝐸

2

• Variance interpretations:
• 𝜎𝑆

2 between-individual variability
• 𝜎𝐸

2 within-individual variability

Trajectory Analyses
Marginal Models
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Two-way ANOVA:
PROC MIXED DATA=NAME;

CLASS ID PER;

MODEL IMP=PER/DDFM=SAT 

SOLUTION CL RESIDUAL;

RANDOM INT/SUBJECT=ID;

RUN;

• Total variance: 𝜎𝑆
2 + 𝜎𝐸

2

• Correlation between repeated 
outcomes is constant:

COR 𝑦𝑖𝑟 , 𝑦𝑖𝑠 =
𝜎𝑆

2

𝜎𝑆
2+𝜎𝐸

2

• Called intraclass correlation coefficient (ICC)



Quadratic time-profiles
• Each individual has its own profile

𝑦𝑖𝑗 = 𝑏0𝑖 + 𝑏1𝑖𝑡𝑖𝑗 + 𝑏2𝑖𝑡𝑖𝑗
2 + 𝑒𝑖𝑗

• With 𝑏0𝑖 a random intercept
• With 𝑏1𝑖 a random slope
• With 𝑏2𝑖 a random quadratic term
• With 𝑏0𝑖 , 𝑏1𝑖 , 𝑏2𝑖

𝑇 multivariate normal

𝑏0𝑖

𝑏1𝑖

𝑏2𝑖

~𝑁

𝛽0

𝛽1

𝛽2

,

𝜏0
2 𝜏01 𝜏02

𝜏01 𝜏1
2 𝜏12

𝜏02 𝜏12 𝜏2
2

• With 𝑒𝑖𝑗 a residual, 𝑒𝑖𝑗~𝑁 0, 𝜎𝐸
2

• The curves are no random objects

Trajectory Analyses
Individual-Specific Models
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• Fixed effects:
• With 𝛽0 the mean intercept
• With 𝛽1 the mean slope
• With 𝛽2 the mean quadratic term

• The mean quadratic time profile is:
𝛽0 + 𝛽1𝑡𝑖𝑗 + 𝛽2𝑡𝑖𝑗

2

• Only 10 parameters are needed to 
estimate for 𝑚 regression curves
• 3 fixed effects
• 6 between-individual (co)variances
• 1 within-individual variance 



Quadratic time-profile:
• Time increases for group of individuals is
• Slope: 𝑝 < 0.001
• Quadratic: 𝑝 < 0.001

• Estimated means:

Intercept:  𝛽0 = 65.12 [64.32, 66.10]

Slope:  𝛽1 = 3.88 [3.69, 4.07]

Quadratic:  𝛽2 = −0.135 [−0.144, −0.127]

• Correlations:
COR 𝑦𝑖1, 𝑦𝑖2 = 0.3160
COR 𝑦𝑖1, 𝑦𝑖3 = 0.0560
COR 𝑦𝑖2, 𝑦𝑖3 = 0.1857

Trajectory Analyses
Individual-Specific Models
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SAS codes quadratic time-profile:
PROC MIXED DATA=LONGFORM;

CLASS ID;

MODEL IMP=PER PER*PER 

/DDFM=SAT S RESIDUAL CL;

RANDOM INT PER PER*PER

/SUBJECT=ID TYPE=UN 

V VCORR SOLUTION;

RUN;

• Predictive power of profiles:
• 𝑅2 = 87.5%
• Only 12.5% is unexplained by the 

quadratic time profiles

Trajectory Analyses
Individual-Specific Models

28



Polynomial trajectories
• Compound symmetry can be written 

in individual-specific additive model:
𝑦𝑖𝑗 = 𝑏0𝑖 + 𝑏1𝑖𝑡𝑖𝑗 + 𝑏2𝑖𝑡𝑖𝑗

2 + 𝑏3𝑖𝑡𝑖𝑗
3 + 𝑒𝑖𝑗

• With 𝑏0𝑖 a random intercept
• With 𝑏1𝑖 a random slope
• With 𝑏2𝑖 a random quadratic term
• With 𝑏3𝑖 a random cubic term

• There exists a latent class 𝐶𝑖:
𝑃 𝑦𝑖𝑗 ≤ 𝑦 = 𝑃 𝑦𝑖𝑗 ≤ 𝑦 𝐶𝑖 = 𝑘 𝑃(𝐶𝑖 = 𝑘)

• Within cluster, variability between 
individuals is eliminated or diminished

Trajectory Analyses
Clustering Time Profiles
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Different clustering approaches:
• Two step-approach
• Mixed model with smooth trajectories
• Cluster profile coefficients with K-means

• Group-based trajectory (one-step)
• Variability between individuals eliminated

• Growth Mixture Modeling
• Variability between individuals diminished

• Mixed time-varying effect modeling
• Allows other smooth profiles
• Variability between individuals diminished

• Two-step & GMM approach are best1

1 Den Teuling NG, Pauws SC, van den Heuvel ER. A comparison of methods for clustering longitudinal data with slowly changing trends. 
Communications in Statistics-Simulation and Computation. 2020; 10:1-28.



Example: Dupuytren disease:
• A short-term follow-up study 

was initiated to investigate the 
total deficit passive extension 
deficit (TPED) in 247 subjects 
with Dupuytren disease

• Follow-up period was 1.5 years 
with 3 to 6 repeats

• The focus was on short-term 
change for little and ring finger: 
TPED minus baseline

• GBTM approach was used

Trajectory Analyses
Clustering Time Profiles

30

Left little finger

Right little finger



Joint modeling:
• Connect longitudinal trajectories to
• Survival end point
• Missing data indicators

• The longitudinal trajectory can enter 
the hazard rate in different ways:
• Random parameters of trajectory
• The expected trajectory at time of event
• A lagged expected trajectory outcome
• An accumulation of trajectory until event

• For survival end points, a competing 
risk approach is developed

Trajectory Analyses
Other Analysis Approaches
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Survival analysis:
• In some setting the response 𝑇𝑖𝑗 is a 

set of repeated time points
• Real time or reset to zero after each event.

• Modeling occurs through hazard rates
• It indicates the immediate risk for an event 

at time point 𝑡
• The hazard rate can be influenced by an 

individual latent variable: the so-called 
frailty parameter

• Covariates can be included using a 
proportional assumption



Definition: Observations that are not 
present in the data set, but 
• They were tried to get them
• And they exist

• Different missingness mechanisms
• Missing completely at random
• Missing at random
• Missing not at random

• Missing completely at random: The 
missingness does not depend on the 
observed and unobserved data
• Technical and human failures    

Missing Data
Mechanisms
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• Missing at random: missingness is 
independent of the unobserved data, 
but depends on the observed data
• Last measurement suggest skipping a visit
• Non-response depends on other 

irrelevant variables for your research

• Missing not at random: missingness
depends on the unobserved data
• Participants are too ill to visit or 
• Participants feel cured and do not visit
• Non-response on your research variables

This mechanism is the problem in analyses



Deletion methods (DM):
• Complete case analysis
• Available case analysis
• Variable deletion
Single imputation (SI):
• Mean Imputations 
• Last observation carried forward 
• Regression imputation 
• Spline interpolation
• Hot Deck imputation 
• Expectation-Maximization Algorithm

Missing Data
Analytic Approaches to deal with it
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Multiple imputation (MI):
• Fully conditional specification 
• Multivariate imputation
• Non parametric approaches
Joint modeling (JM):
• Pattern-mixture models
• Selection models
• Latent variable models
Practice shows: None (20%), DM (57%), 
and MI (13%) are most used
• Frequently, these methods are misused

1 Karahalios A, Baglietto L, Carlin JB, English DR, Simpson JA. A review of the reporting and handling of missing data in cohort studies 
with repeated assessment of exposure measures. BMC medical research methodology. 2012; 12(1):1-0.



Simulation: Complete case analysis1

• Simulated a bivariate normally (𝑌, 𝑋)
distributed  variables (𝑛 = 50)
• Mean of 𝑌 and 𝑋: 125
• Variance of 𝑌 and 𝑋: 25
• Correlation between 𝑌 and 𝑋: 0.60

• Missing data in 𝑌 simulated 
under three mechanisms
• MCAR: 𝑌 is removed randomly 
• MAR: 𝑌 is removed when 𝑋 ≤ 140
• MNAR:𝑌 is removed when 𝑌 ≤ 140

• 80% missingness is simulated

Missing Data
Estimation Issues
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• MCAR: All parameters unbiased
• MAR: All biased (except 𝛽𝑌|𝑋)

• MNAR: All biased (except 𝛽𝑋|𝑌)

1 Schafer JL, Graham JW. Missing data: our view of the state of the art. Psychological methods. 2002; 7(2):147.

Parameter MCAR MAR MNAR

𝜇𝑌 = 125 125.0(6.95) 143.3(19.3) 155.5(30.7)

𝜎𝑌 = 25 24.6(5.26) 10.9(5.84) 12.2(13.2)

𝜌 = 0.60 0.59(0.19) 0.33(0.37) 0.34(0.36)

𝛽𝑌|𝑋 = 0.60 0.61(0.27) 0.60(0.51) 0.21(0.43)

𝛽𝑋|𝑌 = 0.60 0.60(0.25) 0.20(0.44) 0.60(0.52)



Patterns of missingness
Pattern 𝑌1 𝑌2 𝑌3

1 O O O

2 O O U

3 O U O

4 U O O

5 O U U

6 U O U

7 U U O
• U = Unavailable
• O = Observed

Missing Data
Estimation Issues
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• If all seven patterns are present, the 
mechanism must be MCAR or MNAR
• True for any subset of patterns that has 

missingnes in all three variables
• If MCAR is unlikely, it must be MNAR

• MAR could be realistic for
• Patterns 1, 2, 3, and 5, missingness must 

depend only on 𝑌1

• Patterns 1, 2, 4, and 6, missingness must 
depend only on 𝑌2

• Patterns 1, 3, 4, and 7, missingness must 
depend only on 𝑌3

1 Schafer JL, Graham JW. Missing data: our view of the state of the art. Psychological methods. 2002; 7(2):147.
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